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ANISOTROPIC EFFECTS IN HELICALLY WOUND 

SUPERCONDUCTING SOLENOIDS 

By Edmund E. Callaghan 

SUMMARY 

An analysis  w a s  made of t he  e f f e c t  of h e l i c a l  winding on the magnetic f i e l d  
produced by a superconducting solenoidal magnet. It i s  shown t h a t  hard supercon
ductors, which demonstrate considerable anisotropy, t h a t  is, which car ry  much 
higher currents  p a r a l l e l  t o  r a the r  than perpendicular t o  magnetic f i e lds ,  should 
be capable of producing grea te r  magnetic f i e l d s  when wound i n  a solenoid of 4 5 O  
pi tch  angle. A l s o  shown are  the  e f f e c t s  of p i t ch  angle, current density, and 
anisotropy on the  magnetic f i e l d  of any h e l i c a l  solenoid of f i n i t e  length, which 
can be approximated by a h e l i c a l  current sheet where t h e  length t o  diameter r a t i o  
i s  grea te r  than 2. Considerations of the  e f f e c t  of winding thickness show t h a t  
t he  la rge  ove ra l l  increase i n  f i e l d  which might be expected with an i n f i n i t e l y  
t h i n  winding probably cannot be achieved, but, nevertheless, a subs tan t ia l  in
crease ( a  f a c t o r  of about 2 )  may be possible. 

ITTTRODUCTION 


The advent of hard superconductors has opened the  p o s s i b i l i t y  of achieving 
intense magnetic f i e l d s  with superconducting solenoids. The cha rac t e r i s t i c s  of 
the  hard superconductors a re  grea t ly  d i f f e ren t  from those of the  s o f t  supercon
ductors. I n  par t icu lar ,  it has been found tha t  many of the  hard superconductors 
a re  extremely anisotropic;  they carry much l a rge r  c r i t i c a l  currents  when the  mag
n e t i c  f i e l d  i s  a l ined  with the  conductor than when the  magnetic f i e l d  i s  t rans
verse t o  the conductor. It may be possible, therefore,  t o  achieve much l a rge r  
magnetic f i e l d s  with h e l i c a l l y  wound solenoids with considerable p i t ch  angle as 
opposed t o  the  usual zero p i t ch  winding. 

For nonsuperconducting solenoids it would be expected t h a t  t he  a x i a l  mag
n e t i c  f i e l d  would decrease with increasing p i t ch  angle. For superconductors t h i s  
need not be the  case, since the  current-carrying capabi l i ty  of t h e  wire increases 
as t h e  angle between the  l o c a l  magnetic f i e l d  a t  t he  winding and the  current i n  
the  winding decreases. I n  fac t ,  a number of t he  hard superconductors has been 
found i n  which the  current-carrying capabi l i ty  may increase by an order of mag
nitude when the  conductor i s  ro t a t ed  from a t ransverse t o  a longi tudinal  or ienta
t i o n  i n  a magnetic f i e l d  ( r e f .  l). A recent  paper (ref. 2 )  der ives  the  equations
for t h e  magnetic-field d i s t r ibu t ion  of a f i n i t e  h e l i c a l  solenoid. This work i s  
an extension of t he  inves t iga t ion  of the f i n i t e  solenoid w i t h  zero p i t ch  angle 
contained i n  reference 3. By using references 2 and 3 and the  r e l a t i o n  f o r  c r i t -



i c a l  current and f i e l d  of reference 1, it i s  possible  t o  analyze t h e  increase i n  
f i e l d  t h a t  might be achieved with h e l i c a l  solenoidal  windings. The results of 
such a n  analysis  w i l l  of course depend on what s o r t  of mechanism i s  assumed f o r  
t h e  quenching of superconductivity, and the  accuracy of t he  f i n a l  results depends 
on the  correctness of such assumptions. I n  t h e  i n i t i a l  portion of t he  analysis,  
it i s  assumed t h a t  t h e  c o i l  is i n f i n i t e l y  t h i n  and t h a t  t h e  magnitude and t h e  
d i rec t ion  of t h e  magnetic vector a t  the  winding i s  s ingle  valued. This assump
t i o n  i s  made t o  simplify t h e  ana lys i s  and t o  see i f  t h e  gross overa l l  t rends show 
whether any subs t an t i a l  bene f i t s  can be achieved by h e l i c a l  winding. The e f f e c t s  
of f i n i t e  thickness  on t h e  more s ign i f i can t  r e s u l t s  of t h e  analysis  can then be 
evaluated. 

SYMBOLS 

a c o i l  radius,  m 

k 

B magnetic induct ion, webers/m 2 

BT t o t a l  magnetic induction a t  r = a, z = 0; d-, webers/m2 

C anisotropic  factor ,  weber s/m 2 

E complete e l l i p t i c  in tegra l ,  second kind 

F solenoidal geometry f a c t o r  a t  r = a, z = 0; 

F' solenoidal geometry f a c t o r  a t  r = 0, z = 0.? 

J surf ace current  density, amp/m 

3 current density, amp/m2 

K complete e l l i p t i c  in tegra l ,  f i r s t  kind 

modulus of e l l i p t i c  function, 4
+ ( a  + r )  

L c o i l  length, m 

r 7  0, = cyl indr ica l  coordinates 

t any point ins ide  winding ( r -d i rec t ion)  measured from ins ide  winding 
surf ace 

winding thickness, m 

w width of current sheet, 2na t a n  a, m 
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p i t c h  angle, deg 

angle between magnetic f i e l d  and current, deg 

Heuman lambda function 

permeability, 4~x10'~h/m 

dummy variable  of in tegra t ion  

z * ( ~ / 2 ) ,  m 

cp argument of lambda function, tan-'l&~I 

dimensionless magnetic f i e l d  ra t io ,  Bz z = 0 Bz z = 0K:) 
Subscripts: 

c r i t i c a l  value between normal and superconducting s t a t e s  

cP=o c r i t i c a l  value between normal and superconducting s t a t e s  when magnetic 
f i e l d  i s  al ined with current 

r, 8, z radial ,  azimuthal, and axial  components 

ANALYSIS 

One of the pr incipal  goals i n  building superconducting solenoids i s  t o  
achieve the maximum possible a x i a l  f i e l d .  Therefore, it i s  of i n t e r e s t  t o  study 
t h e  e f f e c t  of p i tch  angle on the i n t e r r e l a t i o n  of c r i t i c a l  current and f i e l d  a t  
the winding on the a x i a l  f i e l d  i n  the solenoid. A s  pointed out i n  reference 1, 
the  c r i t i c a l  current i n  a filament or ribbon i s  strongly dependent on i t s  orien
t a t i o n  with the l o c a l  magnetic f i e l d ,  and an increase of as much as an order of 
magnitude has been observed between transverse ( f i e l d  perpendicular t o  filament;) 
and longi tudinal  ( f i e l d  p a r a l l e l  t o  f i lament)  or ientat ions.  Therefore, the  ef
f e c t  of p i t c h  angle on the magnetic f i e l d  and the c r i t i c a l  current a t  the wind
ing must be determined f irst ;  then, the resu l t ing  e f f e c t  on the a x i a l  f i e l d  a t  
t h e  center of the solenoid can be seen. 

The p a r t i c u l a r  solenoidal geometry considered i n  reference 2 i s  shown i n  
sketch (a) :  
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The width of the  current sheet w was taken equal t o  t h e  p i t ch  23ca t an  a. The 
axial ,  r ad ia l ,  and azimuths: f i e l d s  BZ, E,, and Be, respectively,  at  any point 
can be wr i t t en  i n  t he  following forms ( r e f s .  2 and 3): 

a 2 - k 2  
K(k)Br = 

'Os a &[ 3c 2k 

where J i s  the  current per  u n i t  length of solenoid, a i s  t h e  p i t ch  angle, 
K(k) and E(k)  are  complete e l l i p t i c  i n t e g r a l s  of t he  f i r s t  and second kind, 
Ao(cp,k) i s  the  Heumaa lambda function, cp = t an - l l ( / ( a  - r)l, E+_ = z k (L/2) ,  
and k2 = 4ar/[E2 -I- (a  + r)2]. 

Since the  s t rength  of the  f i e l d  a t  the  winding and i t s  angle r e l a t i v e  t o  
the  current vector are  of i n t e r e s t ,  t he  p r inc ipa l  concern i s  what occurs when 
r =  a. I n  t h i s  regard, the  equations f o r  both Be and BZ are  double valued 
a t  r = a because the  sign of the  second term within the  brackets changes a s  
the  value 'of  r changes from r < a t o  r > a. A t  any a x i a l  pos i t ion  the  maxi
mum a x i a l  f i e l d  i s  achieved immediately ins ide  the  current  sheet, and the  maxi
mum azimuthal f i e l d  i s  achieved immediately outside the  current sheet. The ra
d i a l  f i e l d  i s  continuous from r = 0 t o  r = w and has i t s  maximum value a t  
r = a. A t  r = a and z = L/2, the  r a d i a l  f i e l d  becomes i n f i n i t e  as would be 
expected a t  the  edge of a current sheet. I n  the  r e a l  case where the  winding has 
a f i n i t e  thickness,  the  r a d i a l  f i e l d  is, of course, f i n i t e .  I n  fact ,  i f  the  
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curves of references 2 and 3 a r e  examined, it can be seen tha t ,  f o r  a l l  solenoids 
with length t o  rad ius  r a t i o s  of 5 o r  more, t he  r a d i a l  f i e l d  i s  qui te  s m a l l  com
pared with t h e  vector sum of the  a x i a l  and azimuthal f i e lds .  A study of these 
two references shows tha t ,  i f  the  s ingu la r i ty  a t  t h e  edge of t he  current sheet 
i s  ignored, t he  maximum t o t a l  f i e l d  at the  windings w i l l  occur a t  the  a x i a l  mid
point ( z  = 0, r = a) .  

If the  f a c t  that t h e  maximum f i e l d  of i n t e r e s t  i s  loca ted  a t  z = 0, r = a 
i s  considered, the equations f o r  t he  a x i a l  and the  azimuthal f i e l d s  (B, = 0)  are 

Bz = - + 11cos a, immediately ins ide  win?ing 

immediately outside winding 

The value of e i t h e r  B, or Be w i l l  depend s t rongly on t h e  p i t ch  angle, 
and B, would be a maxi” f o r  a = 0 and zero  f o r  a, = 90°, whereas t h e  re
verse i s  t r u e  f o r  Be. A t  a = 45O, t he  f f e l d  immediately inside the  current 
sheet i s  l a rge ly  a x i a l  with a very small azimuthal component, and the  f i e l d  out
s ide the  current sheet i s  l a r g e l y  azimuthal with only a s m a l l  a x i a l  component. 
This r e a l l y  means t h a t  the  magnetic vector r o t a t e s  approximately 90° across the  
current sheet. If it i s  assumed t h a t  t he  winding i s  i n f i n i t e l y  thin,  the  magni
tude and d i rec t ion  of t he  magnetic vector would be determined by 13, ( ins ide  the  
winding) and Be (outs ide t h e  winding). I n  the  real  case where the  c o i l  winding 
has thickness,  t h i s  assumption i s  not j u s t i f i a b l e  and i s  on ly  made a t  t h i s  stage 
t o  determine the  gross e f f e c t s  of p i t ch  angle. The e f f e c t  of f i n i t e  thickness 
w i l l  be discussed i n  the  sec t ion  E!KF’ECTS OF FINITE WINDING THICKNESS. Hence it 
w i l l  be assumed t h a t  

where 

The angular r e l a t i o n  j3 between t h e  f i e l d  and the  current vector J 
i s  as shown i n  sketch (b) .  
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Therefore, it i s  evident t h a t  % and J a r e  a l ined f o r  a, = 45O. 

According t o  reference 1, the  r e l a t i o n  between t h e  magnetic f i e l d  and the 
c r i t i c a l  current for hard superconducting ribbons or wires i n  f i e l d s  t h a t  are  
grea te r  than about 8000 gauss (0.8 webers/mZ) i s  

JC C 

o r  f o r  a solenoid 

J, C 

where C i s  an anisotropic f a c t o r  depending on the geometry and the propert ies  
of the  material .  If B i s  i n  webers per square meter, C w i l l  have values of 
the order of 0.10 t o  0.25 weber per square meter f o r  the hard superconductor, 
rJbgSn ( r e f .  1). The c r i t i c a l  current with the magnetic f i e l d  a l ined with t h e  
current i s  J"p,o* 

I n  order t o  obtain the l a r g e s t  magnetic f i e l d  possible i n  the solenoid, J 
must equal J,. Hence, f o r  a solenoid, . 
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where the  root  of i n t e r e s t  i s  

-C + ,'C2 + 4$d'JcpaCI cos 2aI 

% =  21 cos 2al ( 4 )  

NGW a t  r = 0, z = 0, 

BZ(l. = ") = pJc cos a L/2 = lJIF*JcCOS u (5)z = o  

where 

The maximum value of B, w i l l  obviously occur when J, cos a. i s  a 
maximum. Therefore, from equations (3) t o  (5), it can be wr i t t en  

BZ(JI f :) = @ ' J C  cos a = p.3' IJ"P=0 cos a &rl cos 
C 

2al  + c 

= I-IFtJCP=0cos a. -C + dC2+ 4$JC P=o CI cos 2al + 2C 

C 
-

= 21JlF'JcP=o cos C + @2 + 4$d'Jcp_oCIcos 2al 

2$'JC,, cos a 

Equation ( 6 )  gives the  necessary r e l a t i o n  between f i e l d  and p i t ch  angle f o r  
a given solenoidal  geometry and winding material .  Since the  pr5.mary i n t e r e s t  i s  
i n  the  change i n  a x i a l  f i e l d  as a function of p i t ch  angle, then 
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Except f o r  very s h o d  solenoids ((L/a) < 4), t he  value of the  geometric fac
t o r  F o r  F' i s  very near ly  unity; t h a t  is, F = 0.917 and F' = 0.894 f o r  
(L/a) = 4 and F = F' = 1.00 f o r  (L/a) = co. Additionally, t he  current param
e t e r  of most i n t e r e s t  i s  usually the  c r i t i c a l  current densi ty  j, r a the r  than 
the  current per u n i t  l ength  J,. 

Hence, equation ( 7 )  may be rewr i t ten  as 

$ =  cos a 

wherein F = 1 and JCp=o = j c p at and t i s  assumed t o  be s u f f i c i e n t l y  small 

s o  t h a t  t h e  winding can be considered a current sheet. Also, it must be remem
bered t h a t  the  empir ical  c r i t i ca l -cur ren t ,  c r i t i c a l - f i e l d ,  angular r e l a t i o n  i s  
va l id  only when t h e  f i e l d  i s  above about 0.8 weber per square m e t e r .  Therefore, 
values of jc

P=i, 
t and C must be chosen t h a t  w i l l  produce such a f i e l d  when t h e  

p i t ch  angle i s  zero. Ty-picalhard superconductor values are jcpa = 109 to1011 
amperes per square meter and values of C between 0.10 and 0.25 weber per  square 
meter. 

If t y p i c a l  values of 3, P a  = lolo amperes per  square m e t e r  and C = 0.10 

weber per square meter a r e  assumed, then f o r  a = 0, F = F' = 1 and with a 

lower l i m i t  f o r  B, z = 0 = 0.80, equation ( 6 )  can be used t o  ca lcu la te  t he(x)
f i e l d  a t  the  wjnding, since the  f i e l d  i s  purely a x i a l  f o r  a = 0 and F = F 1=1. 
Hence, the  following r e s u l t s  were obtained: J, = 6 . 3 7 ~ 1 0 ~amperes per meter and 

= 5 . 7 3 ~ 1 0 ~Jcp,o amperes per  meter, o r  t = 0.000573 meter. Figure 1 shows the  

r e l a t i o n  between $ and a f o r  t he  aforementioned conditions. As  might be ex
pected from an inspect ion of equation (8), t h e  curve i s  fairly f l a t  f o r  small 
p i t ch  angles, but  $ increases  rap id ly  when t h e  p i t c h  angle approaches 45O, 
fa l l s  off rap id ly  above 45O, and then slowly approaches zero. I n  a r e a l  s i tua
t i o n  where t h e  winding has thickness, it would be expected t h a t  considerable 
rounding of t he  sharp peak would occur. I n  s p i t e  of t h i s ,  however, gains may 
s t i l l  be rea l ized  i f  t h e  p i t ch  angle i s  very close t o  45O.  The var ia t ion  of $ 
with pj

Cp=0
t / C  a t  a p i t ch  angle of 45' i s  shown i n  f igu re  2. 

Some care must be used i n  in te rpre t ing  such a curve, since there  a re  re
s t r i c t i o n s  on the  c r i t i ca l -cur ren t ,  magnetic-field re la t ion ,  as mentioned pre
viously. If the  cha rac t e r i s t i c s  of the  superconducting mater ia l  a r e  known, t h a t  
is, C and jCpd, then the min imum thickness t t h a t  w i l l  give a f i e l d  of 0.8 

weber per square meter a t  the  winding can be calculated as done previously. A 
simple graphical  method f o r  obtaining t h i s  r e s u l t  i s  shown i n  f igure  3 where t h e  
value of C i s  p lo t t ed  as a function of the  dimensionless current parameter 
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pjCpat/C i n  accordance with the  r e l a t i o n  

By using the  known value of C, the  dimensionless current parameter can be deter
mined and, hence, the  value of winding thickness.  

EFFECTS OF FINITE WINDING THICKNESS 

It i s  evident from the  previous analysis  t h a t  t he  l a rges t  gains could prob
ably be r ea l i zed  by using a p i t ch  angle of 45O. Therefore, t h e  following dis
cussion w i l l  be l imited t o  what might be expected i n  a r e a l  c o i l  with a 45' p i t ch  
angle where the  winding thickness i s  considerably smaller than t h e  c o i l  radius.  
For t h i s  case, t h e  f i e l d  immediately inside t h e  current sheet i s  la rge ly  a x i a l  
with a small azimuthal component, whereas the  reverse i s  true outs ide the  current 
sheet. This r e a l l y  means t h a t  t he  magnetic vector r o t a t e s  approximately 90' 
across the  current sheet. I n  f ac t ,  t he  magnitude of Bz ins ide  the winding i s  
equal t o  the  magnitude of Be outside the  winding. Since the  magnetic f i e l d  
penetrates  hard superconductors, t he  t o t a l  f i e l d  ex i s t ing  i n  t h e  winding would be 
the  root  mean square of the  a x i a l  and the  azimuthal f i e l d s  a t  any point ins ide  
the  winding. It would be expected t h a t  t he  axial f i e l d  would decrease l i n e a r l y  
from Bz t o  approximately zero between the  ins ide  and the  outside of t h e  wind
ing, whereas the  azimuthal f i e l d  would increase l i n e a r l y  from nearly zero t o  the  
value Be i n  going from the  inside t o  t h e  outside of t he  winding. Using these 
r e l a t ions  f o r  t he  magnetic f i e l d s  a t  any point ins ide  t h e  winding gives a nearly 
l i n e a r  ro t a t ion  of the  t o t a l  magnetic f i e l d  vector as a function of posi t ion i n  
t h e  winding such t h a t  t he  magnetic vector would r o t a t e  from 45' r e l a t i v e  t o  the  
current on the  inside surface t o  -45O r e l a t i v e  t o  t h e  current on the  outside sur
f ace. 

Furthermore, t he  vector magnitude i s  a maximum (Bz = Be) at  e i t h e r  the in
side or outside surface with the  minimum (0.707 Bz)  a t  t he  center  of t h e  winding. 
The average magnitude across the  winding i s  then near ly  0.8 Bz, and by using a 
l i n e a r  ro t a t ion  of t h e  magnetic f i e l d  vector as a funct ion of winding thickness  
the  following expression can be wr i t ten  f o r  B, with the  geometry f ac to r  F = 1. 
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C t an  -P + 0.8 B, - '4 
4P 2 

B, = 7;- j C p a  -P + 0.8 B, +2 


The so lu t ion  t o  t h i s  expression can be achieved by numerical i t e r a t ion ,  and f o r  
t he  conditions of t h e  example given i n  figure 1, a value of BZ = 1.4  or a value 
of @ = 1.75  i s  obtained. The e f f e c t  of f i n i t e  thickness i s  therefore  substan
tial and reduces t h e  value of @ from 6.35 t o  1 .75 .  Nevertheless, the  e f f e c t  i s  
s t i l l  s u f f i c i e n t l y  l a r g e  t o  warrant fu r the r  experimental inves t iga t ion .  

The v a l i d i t y  of t he  foregoing ana lys i s  i s  dependent on whether the current 
d i s t r ibu t ion  i n  t h e  winding w i l l  always be such t h a t  t he  maximum c r i t i c a l  current 
(dependent on both f i e l d  magnitude and d i r ec t ion )  w i l l  be achieved a t  a l l  points 
within t h e  winding. A brief study has been made by a perturbation method to de
termine what e f f e c t s  might occur a t  angles s l i g h t l y  different than 450. This 
study showed t h a t  B, would be only s l i g h t l y  a l t e r e d  f o r  s m a l l  changes i n  p i t ch  
angle from 45O, and hence the  curve of f igu re  1would be considerably lower and 
f la t te r .  

CONCLUDING REMARKS 

Hard superconductors t h a t  demonstrate considerable anisotropy, t h a t  is, that 
car ry  much l a r g e r  c r i t i c a l  cur ren ts  i n  p a r a l l e l  magnetic f i e l d s  than i n  t rans
verse f i e lds ,  should be capable of producing g rea t e r  magnetic f ie lds  i n  h e l i c a l  
solenoidalmagnets where t h e  p i t c h  angle i s  45O. The ana lys i s  shows that f o r  a l l  
p i t c h  angles between Oo and 45' some increase i n  t h e  axial  f i e l d  m a y  be expected. 
This e f f e c t  should be advantageous f o r  t h e  winding of so-called force  free co i l s .  

I n  such c o i l s  attempts are made t o  a l i n e  the current and magnetic vectors a t  
each layer, which reduce t h e  forces  and should a l s o  increase the  current densi
t i e s  that can be carr ied.  

Lewis  Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, August 19, 1963 
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Solenoidal p i t ch  angle, a, deg 

Figure 1. - Variation of dimensionless magnetic f i e l d  r a t i o  with solenoidal p i t ch  angle. C r i t i c a l  current 
when magnetic f i e l d  i s  a l ined  with current,  1010 amperes per square meter; an iso t ropic  f ac to r ,  0.10 
weber per square meter; winding thickness,  0.000573 meter. 
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Dimensionless current parameter, PJcp ,t/C 


Figure 2. - Variation of dimensionless magnetic field ratio with dimensionless 
current parameter clSCp4 t/C. Pitch angle, 45'. 
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Figure 3. - Variation of dimensionless current parameter pJcpat/C 
with anisotropic parameter C, which produces a field of 0.8 weber 

per square meter at winding. 
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